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Abstract
A subgroup cover of the integer lattice in two or more dimensions is a presentation of that
lattice as a ﬁnite union of proper subgroups, no two of the same index. In an earlier paper,
Cochrane and Myerson constructed subgroup covers in two dimensions and asked several
questions about other methods of construction and about higher dimensions. We answer those
questions.
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1. Introduction and statement of results
The set of congruences
x ≡ 0 (mod 2), x ≡ 0 (mod 3), x ≡ 1 (mod 4), x ≡ 1 (mod 6),
x ≡ 11 (mod 12)
(1)
has the property that all the moduli are distinct and every integer satisﬁes at least one
member. Such sets are called covering congruences. The notion was popularized by
Erdo˝s [E].
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In [CM], Cochrane and Myerson gave an example of a set of congruences
ajx + bjy ≡ 0 (mod mj), j = 1, . . . , 23 (2)
with 1 < m1 < · · · < m23 and gcd(aj , bj ,mj ) = 1 for j = 1, . . . , 23 such that every
pair (x, y) of integers satisﬁes at least one member. They called such sets homoge-
neous covers for Z2, and raised several questions concerning them and closely-related
concepts:
1. Are there any homogeneous covers of Z2 that do not arise from the construction
in [CM]?
2. Are there homogeneous covers for Zn, n > 2, other than those obtained trivially
from homogeneous covers for Z2?
3. Is it possible to write Zn for some n  2 as an irredundant ﬁnite union of
subgroups Hj , no two of the same index, such that the quotient groups Zn/Hj are not
all cyclic?
Here we answer these questions. We note that Schinzel [Sc] and Simpson [Si] have
also addressed these questions, and we discuss their contributions. We conclude this
section with a summary statement of our main results. In the next section, we present
the deﬁnitions and notation we need to give more precise statements (and proofs) in
later sections.
Theorem 1. Every primary homogeneous cover of Zn+1, n  1, can be obtained from
a composite cover of Zn by the construction of [CM].
Theorem 2. For every n > 2 there are irredundant homogeneous covers of Zn not
obtained trivially from homogeneous covers for Zk for any k < n.
Theorem 3. If n  3 then Zn can be written as an irredundant ﬁnite union of sub-
groups Hj , no two of the same index, such that the quotient groups Zn/Hj are not all
cyclic. This cannot be done if n = 2.
2. Deﬁnitions, conventions, notation
An n-cover is a set
S = { (a11, . . . , a1n; c1;m1), . . . , (ak1, . . . , akn; ck;mk) } (3)
of n+2-tuples of integers such that 1<m1<· · ·<mk , and gcd(aj1, . . ., ajn, cj ,mj )=1
for j = 1, . . . , k, and every element (x1, . . . , xn) of Zn satisﬁes the congruence
aj1x1 + · · · + ajnxn ≡ cj (mod mj) (4)
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for at least one value of j, 1  j  k. The gcd condition is needed to disqualify such
sets as
x1 ≡ 0 (mod 2), 2x1 − 2x2 ≡ 0 (mod 4), 3x2 ≡ 0 (mod 6) (5)
in which repeated moduli are disguised by common factors. We deﬁne m(S) =∏k1mj
and (S) = lcm(m1, . . . , mk).
A homogeneous n-cover is an n-cover with c1 = · · · = ck = 0. We may suppress cj
from the notation when we discuss homogeneous covers.
A subgroup n-cover is a ﬁnite collection H1, . . . , Hk of subgroups of Zn whose
union is Zn, with 1 < (Zn : H1) < · · · < (Zn : Hk). If gcd(aj1, . . . , ajn,mj ) = 1 then
the solutions of
aj1x1 + · · · + ajnxn ≡ 0 (mod mj) (6)
form a subgroup of Zn of index mj , so any homogeneous n-cover can be identiﬁed,
in a natural way, with a subgroup n-cover.
An n-cover (resp., a subgroup n-cover) is irredundant if no subset is an n-cover
(resp., a subgroup n-cover).
The numbers m1, . . . , mk in (3) are the moduli of the n-cover. An n-cover is composite
if all the moduli are composite. An n-cover is primary if every prime dividing the
product of the moduli is itself a modulus.
Example 1. (1) gives a primary cover. Writing a(m) for x ≡ a (mod m), the congru-
ences 0(2), 1(4), 3(8), 1(6), 3(12), 23(24) give a cover that is not primary.
Example 2. In Theorems 2 and 10 we will use the homogeneous 2-cover given in
[CM] as the basis for more intricate constructions. For the reader’s convenience, we
list here the congruences that form that cover. The congruences are y ≡ 0 (mod p) for
p=2, 3, 5, and x≡aiy (mod mi) for (ai,mi)=(3, 4), (4, 6), (5, 8), (0, 9), (0, 10), (2, 12),
(8, 15), (9, 16), (12, 18), (4, 20), (1, 24), (2, 30), (6, 36), (33, 45), (17, 48), (56, 60),
(57, 72), (42, 90), (33, 144), (96, 180).
Let S as given by (3) and
T = { (d11, . . . , d1n; e1;m1), . . . , (dk1, . . . , dkn; ek;mk) } (7)
be n-covers. We say that S and T are equivalent if they are related by an invertible
afﬁne linear change of variables, that is, if there is an invertible integer matrix B = (bij )
and an integer vector b = (bi) such that substituting xi =∑nj=1 bij yj + bi , 1  i  k,
in (4) yields
di1y1 + · · · + dinyn ≡ ei (mod mi), 1  i  k. (8)
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It is clear that this is an equivalence relation on n-covers, and that equivalence preserves
irredundance. If S and T are homogeneous we may insist that b = 0.
Let S be as given by (3) and let
T = { (d11, . . . , d1p; e1;m1), . . . , (dk1, . . . , dkp; ek;mk) } (9)
be a p-cover. We say T is an image of S if there is an afﬁne linear change of variables
xi =∑pj=1 bij yj + bi , 1  i  n, taking (4) to
di1y1 + · · · + dipyp ≡ ei (mod mi), 1  i  k. (10)
We say that an n-cover is fully n-dimensional if it is not an image of a p-cover for
any p < n.
3. Proofs and diagrams
Here is a proof that (1) is a 1-cover:
Z = 0(2) ∪ 1(2),
1(2) = 1(4) ∪ 3(4),
3(4) = 3(12) ∪ 7(12) ∪ 11(12),
3(12) ⊂ 0(3),
7(12) ⊂ 1(6).
The conventions are that a(m) means { x : x ≡ a (mod m) }, and that underlining
a set indicates that it is a member of the cover. We will use, and expand on, these
conventions freely in what follows. As a mode of proof supplementary to such lists of
equations and inclusions, we will employ proof-by-diagram. A diagram for the proof
above is given in Fig. 1a. We may also present this as in Fig. 1b, including only
information about the moduli. It is generally not difﬁcult to reconstruct a suitable set
of congruences from such a diagram, although the reconstruction will not be unique.
4. Composite n-covers and primary homogeneous n+ 1-covers
Theorem 4. Let S as in (3) be a composite n-cover. Let p1, . . . , pt be the primes
dividing m(S). Then
T = { (a11, . . . , a1n,−c1;m1), . . . , (ak1, . . . , akn,−ck;mk),
(0, . . . , 0, 1;p1), . . . , (0, . . . , 0, 1;pt ) }
(11)
is a primary homogeneous n+ 1-cover.
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Fig. 1.
Remark. The case n = 1 was Lemma 1 of [CM].
Proof of Theorem 4. The only thing that needs checking is that if x = (x1, . . . , xn+1)
is an (n+1)-tuple of integers then it satisﬁes the congruence corresponding to one of the
members of T. Let m(S) = m. If gcd(xn+1,m) = 1 then there is a prime pi , 1  i  t ,
such that pi | xn+1, so x satisﬁes the congruence corresponding to (0, . . . , 0, 1, pi).
If gcd(xn+1,m) = 1 then choose an integer u such that uxn+1 ≡ 1 (mod m). Since
S is an n-cover we have
∑n
j=1 aijuxj ≡ ci (modmi) for some i, 1  i  k. Then∑n
j=1 aij xj ≡ cixn+1 (mod mi), so x satisﬁes the congruence corresponding to
(ai1, . . . , ain,−ci;mi). 
We say that the homogeneous n+1-cover (11) arises from the composite n-cover (3)
by Construction A.
Theorem 1. Let T be a primary homogeneous n+ 1-cover. Then T is equivalent to a
cover arising from a composite n-cover by Construction A.
Proof. Let T be given by the congruences
ai1x1 + · · · + ai,n+1xn+1 ≡ 0 (mod mi), 1  i  k, (12)
bi1x1 + · · · + bi,n+1xn+1 ≡ 0 (mod pi), 1  i  t, (13)
where m1, . . . , mk are composite and p1, . . . , pt are the primes dividing m(T ). Choose
integers b1, . . . , bn+1 such that bj ≡ bij (mod pi), 1  i  t , 1  j  n + 1, and
furthermore such that gcd(b1, . . . , bn+1) = 1. Let C = (cij ) be an n+1×n+1 integer
matrix with determinant 1 and bottom row given by cn+1,j = bj , j = 1, . . . , n + 1.
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Under the invertible change of variables given by yi =∑n+1j=1 cij xj , i = 1, . . . , n+ 1,
congruences (12) and (13) transform into
di1y1 + · · · + di,n+1yn+1 ≡ 0 (mod mi), 1  i  k, (14)
yn+1 ≡ 0 (mod pi), 1  i  t, (15)
a primary homogeneous n+ 1-cover equivalent to T. Then the congruences
di1y1 + · · · + dinyn ≡ −di,n+1 (mod mi), 1  i  k (16)
form a composite n-cover. For let (u1, . . . , un) be an n-tuple of integers; then
(u1, . . . , un, 1) must satisfy (14) for some i, whence (u1, . . . , un) satisﬁes (16) for
the same value of i. Now it is clear that the homogeneous cover (14)–(15) arises from
the composite cover (16) by Construction A. 
Theorem 5. Let (3) be a composite n-cover. Let
ai1x1 + · · · + ainxn ≡ ciy (mod mi), 1  i  r,
y ≡ 0 (mod pj ), 1  j  t,
(17)
be the homogeneous n + 1-cover T obtained by Construction A. Then the composite
cover is irredundant if and only if the homogeneous cover is irredundant.
Proof. If a proper subset of the composite cover is a (necessarily composite) cover
then Construction A yields a proper subset of the homogeneous cover that is a (nec-
essarily homogeneous) cover. If a proper subset of the homogeneous cover is a pri-
mary cover, then it arises by Construction A from a composite cover that is a proper
subset of S. It remains to prove that if y ≡ 0 (mod p) is redundant in T for
some p then ai1x1 + · · · + ainxn ≡ ci (modmi) is redundant in S for some i. In
fact we will show that if y ≡ 0 (mod p) is redundant then so are all the congruences
ai1x1 + · · · + ainxn ≡ ci (mod mi) for mi divisible by p.
Let y ≡ 0 (mod p) be redundant. Replacing ai1 by ai1 +mi if necessary, we may
assume for all i that if p mi then p  ai1. Let M = lcm{mi : p mi }. Fix x1, . . . , xn and
consider (px1+M,px2, . . . , pxn, p). This n+1-tuple must satisfy some homogeneous
congruence other than y ≡ 0 (mod p) (since that congruence is redundant). It cannot
satisfy any congruence y ≡ 0 (mod pj ) for pj = p. Thus,
ai1px1 + ai1M + ai2px2 + · · · + ainpxn ≡ cip (mod mi) (18)
for some i. Since p  ai1M we must have p mi . Then mi | M , and
ai1x1 + ai2x2 + · · · + ainxn ≡ ci (mod mi). (19)
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But x1, . . . , xn were arbitrary, so all the congruences in the composite cover with p | mi
were redundant. 
5. Non-primary homogeneous covers
Schinzel [Sc] constructed a homogeneous 2-cover with the prime number 5 as a
divisor of some moduli but not itself a modulus. Schinzel’s example rests on a cover
for Z given by Choi [C], in which the least modulus is 20. Choi’s cover is extremely
complex. We present a simpler example of a non-primary homogeneous 2-cover.
We begin with some results of Simpson [Si]. We write (a, b,m) for
{ (x, y) : ax + by ≡ 0 (mod m) }.
Lemma 1. Z2 = (1, 0, p) ∪ (1, 1, p) ∪ · · · ∪ (1, p − 1, p) ∪ (0, 1, p) .
Corollary. Let p be prime and relatively prime to m. Then (a, b,m) is the union of
p + 1 sets of the form (ai, bi, pm).
Lemma 2. Let p be a prime, let   1, let b, c, d be arbitrary, c and d not both multi-
ples of p. Then (1, b, p)⊂(1, b, p+1)∪(1, b+p, p+1)∪· · ·∪(1, b+(p−1)p, p+1)∪
(c, d, p).
Corollary. Let p | m. Then (a, b,m) is the union of p sets of the form (ai, bi, pm)
and any set of the form (c, d, p), c and d not both multiples of p.
Example 1. Suppose (x, y) satisﬁes x+y ≡ 0 (mod 2). By Lemma 1, (x, y) also sat-
isﬁes at least one of x ≡ 0 (mod 3), x + y ≡ 0 (mod 3), x + 2y ≡ 0 (mod 3),
and y ≡ 0 (mod 3); thus, (x, y) satisﬁes at least one of x + 3y ≡ 0 (mod 6),
x + y ≡ 0 (mod 6), x + 5y ≡ 0 (mod 6), and 3x + y ≡ 0 (mod 6).
Example 2. Suppose (x, y) satisﬁes 3x + y ≡ 0 (mod 6). Then it satisﬁes
x + y ≡ 0 (mod 2), so, by Lemma 2, it satisﬁes at least one of x + y ≡ 0 (mod 4),
x+3y ≡ 0 (mod 4), and y ≡ 0 (mod 2) (where the last congruence could be replaced
by any homogeneous congruence (mod 2)). Also, (x, y) satisﬁes y≡0 (mod 3), so it
satisﬁes at least one of 9x+y≡0 (mod 12), 9x+7y≡0 (mod 12), and y≡0 (mod 2).
Graphically, we may represent the two corollaries by Figs. 2a and b. In Fig. 2a there
are p + 1 nodes labeled pm, and in Fig. 2b there are p nodes labeled pm. The node
labeled p may be omitted if the second ﬁgure is a fragment of a larger diagram in
which there is already a node labeled p.
Simpson also makes the observation that if n | m and ax + by ≡ 0 (mod m) then
ax+by ≡ 0 (mod n); thus, if n | m, then the solution set of any congruence (modulo m)
is included in that of a congruence (modulo n). Graphically, we represent this inclusion
by Fig. 2c.
We now present a non-primary homogeneous 2-cover. It is convenient to write a, b,m
for { (x, y) : ax+by ≡ 0 (mod m) }. In accordance with the second corollary, we write
A ⊂′ B for A ⊂ B ∪ c, d, p, where c, d, p is a set already underlined.
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Fig. 2.
Theorem 6. There is a non-primary homogeneous 2-cover S with 25 moduli, none
exceeding180, all dividing 1440 = 25325.
Proof by equations and inclusions:
Z = 1, 0, 2 ∪ 1, 1, 2 ∪ 0, 1, 2
1, 0, 2 ⊂′ 1, 0, 4 ∪ 1, 2, 4
1, 0, 4 ⊂′ 1, 0, 8 ∪ 1, 4, 8
1, 0, 8 ⊂′ 1, 0, 16 ∪ 1, 8, 16
1, 0, 16 ⊂′ 1, 0, 32 ∪ 1, 16, 32
Let A = 1, 0, 32
A ⊂ (A ∩ 1, 0, 3) ∪ (A ∩ 1, 1, 3) ∪ (A ∩ 1, 2, 3) ∪ A ∩ 0, 1, 3
A ∩ 1, 0, 3 ⊂ 1, 0, 3
A ∩ 1, 1, 3 ⊂ 1, 16, 24
A ∩ 1, 2, 3 ⊂ 1, 32, 48
Let B = 1, 1, 2
B = (B ∩ 1, 0, 3) ∪ B ∩ 1, 1, 3 ∪ (B ∩ 1, 2, 3) ∪ (B ∩ 0, 1, 3)
B ∩ 1, 0, 3 ⊂ 1, 0, 3
B ∩ 1, 2, 3 ⊂′ (B ∩ 1, 2, 9) ∪ B ∩ 1, 5, 9 ∪ (B ∩ 1, 8, 9)
B ∩ 1, 2, 9 ⊂ 1, 2, 9
B ∩ 1, 8, 9 ⊂′ 1, 1, 4 ∩ 1, 8, 9 ∪ (1, 3, 4 ∩ 1, 8, 9)
1, 3, 4 ∩ 1, 8, 9 ⊂′ 1, 3, 8 ∩ 1, 8, 9 ∪ (1, 7, 8 ∩ 1, 8, 9)
Let C = 1, 7, 8 ∩ 1, 8, 9 = 1, 71, 72
C = (C ∩ 1, 0, 5) ∪ (C ∩ 1, 1, 5) ∪ (C ∩ 1, 2, 5) ∪ (C ∩ 1, 3, 5) ∪ (C ∩ 1, 4, 5) ∪
(C ∩ 0, 1, 5)
C ∩ 1, 0, 5 ⊂ 1, 5, 10
C ∩ 1, 1, 5 ⊂ 1, 26, 45
C ∩ 1, 2, 5 ⊂ 1, 7, 20
C ∩ 1, 3, 5 ⊂ 1, 53, 90
C ∩ 1, 4, 5 ⊂ 1, 179, 180
C ∩ 0, 1, 5 ⊂ 25, 31, 40
B ∩ 0, 1, 3 ⊂′ 1, 1, 4 ∩ 0, 1, 3 ∪ (1, 3, 4 ∩ 0, 1, 3)
Let D = 1, 3, 4 ∩ 0, 1, 3 = 9, 7, 12
D ⊂ (D ∩ 1, 0, 5) ∪ (D ∩ 1, 1, 5) ∪ (D ∩ 1, 2, 5) ∪ (D ∩ 1, 3, 5) ∪ D ∩ 1, 4, 5 ∪
(D ∩ 0, 1, 5)
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Fig. 3.
D ∩ 1, 0, 5 ⊂ 1, 5, 10
D ∩ 1, 1, 5 ⊂ 6, 1, 15
D ∩ 1, 2, 5 ⊂ 1, 7, 20
D ∩ 1, 3, 5 ⊂ 21, 13, 30
D ∩ 0, 1, 5 ⊂′ 1, 3, 8 ∩ 0, 1, 3 ∩ 0, 1, 5 ∪ (1, 7, 8 ∩ 0, 1, 3 ∩ 0, 1, 5)
1, 7, 8 ∩ 0, 1, 3 ∩ 0, 1, 5 ⊂ 25, 31, 40
A ∩ 0, 1, 3 = 33, 64, 96; B ∩ 1, 1, 3 = 1, 1, 6; B ∩ 1, 5, 9 = 1, 5, 18;
1, 1, 4 ∩ 1, 8,9 = 1, 17, 36; 1, 3, 8 ∩ 1, 8, 9 = 1, 35, 72; 1, 1, 4 ∩ 0, 1, 3 = 9, 1, 12;
D ∩ 1, 4, 5 = 21, 19, 60; 1, 3, 8 ∩ 0, 1, 3 ∩ 0, 1, 5 = 105, 91, 120.
Proof by diagram: See Fig. 3.
6. Fully n-dimensional covers
Schinzel [Sc] gave a conditional construction of a fully 3-dimensional homoge-
neous cover for Z3, conditional on the unproved existence of certain covers for Z.
In this section we construct, unconditionally, fully n-dimensional covers for Zn for
all n  3.
Let m1 and m2 be relatively prime. By
f1(x1, . . . , xn) ≡ c1 (mod m1) ∧ f2(x1, . . . , xn) ≡ c2 (mod m2) (20)
we mean a congruence (modulo m1m2) satisﬁed by those n-tuples that satisfy both of
the conjuncts.
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We observe that for every d  2 every d-tuple (x1, . . . , xd) of integers satisﬁes at
least one of the congruences
xi ≡ 0 (mod 3), i = 1, . . . , d;
xi + xi+1 ≡ 0 (mod 3), i = 1, . . . , d − 1;
x1 ≡ xd (mod 3).
(21)
Moreover if gcd(m, 3) = 1 then every n+d-tuple (x1, . . . , xn, y1, . . . , yd) that satisﬁes
f (x1, . . . , xn) ≡ c (mod 22d−1m) also satisﬁes at least one of the 2d congruences
f (x1, . . . , xn) ≡ c (mod 22d−im)∧ yi ≡ 0 (mod 3), i = 1, . . . , d;
f (x1, . . . , xn) ≡ c (mod 2d−im)∧ yi + yi+1 ≡ 0 (mod 3), i = 1, . . . , d − 1;
f (x1, . . . , xn) ≡ c (mod m)∧ y1 ≡ yd (mod 3);
(22)
these congruences have moduli 23m,  = 0, . . . , 2d − 1. This remains true if any of
the y-variables are identiﬁed with any of the x-variables.
More generally, if p is prime then it is easily seen that every n+1-tuple (x1, . . . , xn+1)
of integers satisﬁes at least one of the congruences
xi ≡ 0 (mod p), i = 1, . . . , n+ 1;
xi + jxi+1 ≡ 0 (mod p), i = 1, . . . , n, j = 1, . . . , p − 2;
x1 ≡ xn+1 (mod p)
(23)
and for each congruence in (23) there is a d-tuple which satisﬁes no other congruence
in (23).
We illustrate with an example. Any triple (x, y, z) that satisﬁes x−y ≡ 0 (mod 256)
also satisﬁes at least one of the six congruences
x−y≡0 (mod 256) ∧ x≡0 (mod 3); x−y ≡ 0 (mod 128) ∧ y≡0 (mod 3);
x−y≡0 (mod 64) ∧ z≡0 (mod 3); x−y ≡ 0 (mod 32) ∧ x+y≡0 (mod 3);
x−y≡0 (mod 16) ∧ y + z≡0 (mod 3); x−y ≡ 0 (mod 8) ∧ x−z≡0 (mod 3).
(24)
These six congruences can be expressed, in order, as
x − 513y ≡ 0 (mod 768); 129x + y ≡ 0 (mod 384);
129x − 129y + 64z ≡ 0 (mod 192); x + 31y ≡ 0 (mod 96);
33x + 31y + 16z ≡ 0 (mod 48); x + 15y + 8z ≡ 0 (mod 24).
(25)
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Theorem 2. For every n  2 there is an irredundant, fully n-dimensional homogeneous
n-cover.
Proof. We proceed by induction on n. First, we strengthen the induction hypoth-
esis to read, there is an irredundant, fully n-dimensional n-cover Sn, and an in-
teger r, such that Sn includes a congruence (mod 2), a congruence of the form
x1 − ax2 ≡ 0 (mod 2r ), and includes no congruence with modulus divisible by 2r+1.
This is true for n = 2; the homogeneous 2-cover of Example 2 includes the congru-
ences x2 ≡ 0 (mod 2) and x1 − 9x2 ≡ 0 (mod 16), and includes no congruence with
modulus divisible by 32.
Now assume the induction hypothesis, let p be a prime not dividing any modulus
of Sn, let d = np − n + 2, and form Sn+1 by deleting the congruence
x1 − ax2 ≡ 0 (mod 2r ) and adjoining the congruences
(a) x1 − (a + 2r−1+i )x2 ≡ 0 (mod 2r+i ), 1  i  d,
(b) x1 − ax2 ≡ 0 (mod 2r+1) ∧ x1 ≡ xn+1 (mod p),
(c) x1 − ax2 ≡ 0 (mod 2r+j+(i−1)(p−2)) ∧ xi + jxi+1 ≡ 0 (mod p),
1  i  n, 2  j  p − 1, and
(d) x1 − ax2 ≡ 0 (mod 2r+np−2n+1+i ) ∧ xi ≡ 0 (mod p), 1  i  n+ 1.
The moduli of these congruences are the numbers 2j , r+1  j  r+d, and p×2j ,
r + 1  j  r + d; these are distinct from each other, and distinct from the moduli
of Sn, by the conditions on divisibility by 2r+1. Taking s = r + d, Sn+1 includes
a congruence of the form x1 − ax2 ≡ 0 (mod 2s) and no congruence with modulus
divisible by 2s+1. It remains to show that every n+ 1-tuple satisﬁes at least one of the
congruences, so that Sn+1 is an n + 1-cover, and that this n + 1-cover is irredundant
and fully n+ 1-dimensional.
Consider, then, an n + 1-tuple x = (x1, . . . , xn+1). If it does not satisfy
x1−ax2 ≡ 0 (mod 2r ) then it satisﬁes at least one of the other congruences in Sn, and
those congruences are all included in Sn+1. So, we may assume that
x1− ax2 ≡ 0 (mod 2r ). Then by repeated application of Lemma 2 we conclude that x
satisﬁes x2 ≡ 0 (mod 2) or one of the congruences x1−(a+2r−1+i )x2 ≡ 0 (mod 2r+i ),
1  i  d, or else x1−ax2 ≡ 0 (mod 2r+d). Every n+1-tuple satisfying this last con-
gruence satisﬁes at least one of the new congruences with modulus a multiple of p.
This establishes that we have an n+ 1-cover.
Now we prove that Sn+1 is irredundant. Given any congruence in Sn other than
x1 − ax2 ≡ 0 (mod 2r ), there is an x satisfying only that congruence. In particular,
this x does not satisfy x1− ax2 ≡ 0 (mod 2r ), and therefore satisﬁes in Sn+1 only the
congruence it satisﬁes in Sn.
Now suppose that c = (c1, . . . , cn) satisﬁes only x1 − ax2 ≡ 0 (mod 2r ) in Sn. Let
(Sn) = L be the least common multiple of the moduli in Sn, so L = 2rm, where m is
odd. Note that ck = (c1 + kL, c2, . . . , cn) satisﬁes only x1 − ax2 ≡ 0 (mod 2r ) in Sn,
regardless of the value of k.
Now for each i, 1  i  d , we can ﬁnd a value of k such that ck satisﬁes
x1 − (a + 2r−1+i )x2 ≡ 0 (mod 2r+i ), since this congruence reduces to
mk ≡ 2i−1c2−(c1 − ac2)/2r (mod 2i ). Let uk satisfy uk ≡ ck (mod L) and
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uk ≡ (1,−1, 1,−1, . . . , 0) (mod p). Then it is routine to check that uk satisﬁes no
congruence in Sn+1 other than x1 − (a + 2r−1+i )x2 ≡ 0 (mod 2r+i ).
Now choose k so that ck satisﬁes x1 − ax2 ≡ 0 (mod 2r+d), and choose u to
satisfy exactly one of the congruences in (23). Let x satisfy x ≡ ck (mod L) and
x ≡ u (mod p). Then it is routine to check that x satisﬁes no congruence in Sn+1
other than the congruence of type (b), (c), or (d) corresponding to the congruence
in (23) satisﬁed by u. Thus, Sn+1 is irredundant.
Now suppose this n + 1-cover is the image of a q-cover. Then there must be con-
gruences
di1y1 + · · · + diqyq ≡ 0 (mod p × 2r+np−2n+1+i ), 1  i  n+ 1 (26)
in the q-cover, and a linear change of variables yj = ∑n+1k=1 bkj xk , 1  j  q, tak-







xk ≡ xi (mod p), 1  i  n+ 1. (27)
Thus if D is the matrix whose entries are the di and B is the matrix whose entries
are the bk then DBt ≡ I (mod p), where I is the (n+ 1)× (n+ 1) identity matrix.
But D and B have rank at most q, so q  n + 1. Thus, the cover is fully n + 1-
dimensional. 
Applying the construction of Theorem 2 to the homogeneous 2-cover of Example 2,
using p = 7, produces a fully 3-dimensional 3-cover with 50 moduli with maximum
7 × 218 = 1835008. Here is a somewhat more economical construction. The notation
is as used in, and explained just before, Theorem 6.
Theorem 7. There is an irredundant fully 3-dimensional 3-cover with 28 moduli with
maximum 768 and least common multiple 11520.
Proof by equations and inclusions:
Z3 = 1, 0, 2 ∪ 1,−1, 2 ∪ 0, 1, 2
1, 0, 2 ⊂ 1, 0, 6 ∪ 1, 4, 6 ∪ 1, 2, 6 ∪ 3, 4, 6
3, 4, 6 ⊂ 0, 1, 3
1, 0, 6 ⊂′ 1, 0, 18 ∪ 1, 12, 18 ∪ 1, 6, 18
1, 0, 18 ⊂ 1, 0, 9
1, 12, 18 ⊂′ 1, 12, 36 ∪ 1, 30, 36
1, 30, 36 ⊂ 1, 30, 180 ∪ 1, 66, 180 ∪ 1, 102, 180 ∪ 1, 138, 180 ∪ 1, 174, 180 ∪
145, 66, 180
1, 30, 180 ⊂ 1, 10, 20
1, 66, 180 ⊂ 1, 6, 10
1, 138, 180 ⊂ 1, 48, 90
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1, 174, 180 ⊂ 1, 39, 45
145, 66, 180 ⊂ 0, 1, 5
1, 4, 6 ⊂′ 1, 4, 12 ∪ 1, 10, 12
1, 10, 12 ⊂ 1, 10, 60 ∪ 1, 46, 60 ∪ 1, 22, 60 ∪ 1, 58, 60 ∪ 1, 34, 60 ∪ 25, 46, 60
1, 10, 60 ⊂ 1, 10, 20
1, 46, 60 ⊂ 1, 6, 10
1, 22, 60 ⊂ 1, 22, 30
1, 58, 60 ⊂ 1, 13, 15
25, 46, 60 ⊂ 0, 1, 5
1,−1, 2 ⊂′ 1,−1, 4 ∪ 1, 1, 4
1,−1, 4 ⊂′ 1,−1, 8 ∪ 1, 3, 8
1,−1, 8 ⊂′ 1,−1, 16 ∪ 1, 7, 16
1,−1, 16 ⊂′ 1,−1, 32 ∪ 1, 15, 32
1,−1, 32 ⊂′ 1,−1, 64 ∪ 1, 31, 64
1,−1, 64 ⊂′ 1,−1, 128 ∪ 1, 63, 128
1,−1, 128 ⊂′ 1,−1, 256 ∪ 1, 127, 256
1,−1, 256 ⊂ A24 ∪ A48 ∪ A96 ∪ A192 ∪ A384 ∪ A768,
where A24, . . . , A768 are the solution sets of the congruences in (25), gives a 3-cover
with 29 moduli. However, A384 ⊂ 0, 1, 3 so it isn’t irredundant. It is easily proved
that omitting A384 yields an irredundant cover. The three-dimensionality can then be
established by considering A192; 0, 1, 3; and A768, all reduced modulo 3.
Proof by diagram: see Fig. 4. The branching from 256 follows (25), not Fig. 2.
7. Subgroup covers
The solution set of a homogeneous linear congruence in n variables is a subgroup
of Zn of ﬁnite index. The index is equal to the modulus of the congruence, provided that
no d > 1 divides the modulus and all the coefﬁcients. For n  2, not every subgroup
of Zn of ﬁnite index is the solution set of a linear congruence. For example, H =
{ (2a, 2b) : a, b in Z } is of index 4 in Z2 and is the solution set of the system x1 ≡
0 (mod 2), x2 ≡ 0 (mod 2) but not the solution set of any single linear congruence.
If H is a subgroup of Zn of ﬁnite index then Zn/H is a ﬁnite abelian group,
a fortiori a ﬁnitely generated abelian group. We call the size of the smallest generating
set of Zn/H the co-rank of H. The co-rank of H cannot exceed n.
Theorem 8. Let H be a subgroup of Zn of ﬁnite index. Then H has co-rank k if and
only if H is the solution set of a system of k congruences and not of any smaller
system.
Proof. If H has co-rank k then
Zn/H  Z/m1Z⊕ · · · ⊕ Z/mkZ (28)
for some integers m1, . . . , mk . Then there is a surjection
 : Zn → Z/m1Z ⊕ · · · ⊕ Z/mkZ with kernel H. But any such homomorphism must
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Fig. 4.
be of the form
(x1, . . . , xn) = (a11x1 + · · · + a1nxn, . . . , ak1x1 + · · · + aknxn), (29)
so H is the solution set of the system
a11x1 + · · · + a1nxn ≡ 0 (mod m1), . . . , ak1x1 + · · · + aknxn ≡ 0 (mod mk). (30)
Thus, H is the solution set of a system of k congruences.
Conversely, suppose H is the solution set of system (30). We may assume
gcd(aj1, . . . , ajn,mj ) = 1 for 1  j  k. Then Zn/H is generated by ei , 1  i  k,
where ei is a solution in Zn of the system aj1x1 + · · · + ajnxn ≡ ij (mod mj),
1  j  k, with ij the Kronecker delta.
Thus, H is the solution set of a single linear congruence if and only if Zn/H is
cyclic. At the other extreme, we characterize the subgroups of co-rank n. 
Theorem 9. Let H be a subgroup of Zn of ﬁnite index. Then H has co-rank n if and
only if there is an integer d > 1 such that for every g = (g1, . . . , gn) in H we have
d | g1, . . . , d | gn.
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Proof. Suppose there is an integer d > 1 such that d | g1, . . . , d | gn for every
g = (g1, . . . , gn) in H. Let Zn/H be generated by the images in Zn/H of u1, . . . ,uk
in Zn. Let ei = gi +∑kj=1 aijuj for 1  i  n, where ei form a basis for Zn, gi are
in H, and aij are integers. Then E = G + AU , where E, G, and U are the matrices
whose columns are the ei , gi , and ui , respectively, and A is the matrix whose entries
are the aij . Thus if p is any prime dividing d then E ≡ AU (mod p). Since the
columns of E form a basis for Zn, the rank of E over Z/pZ must be n, so the rank
of U over Z/pZ must be n, so k = n. 
Conversely, let H contain an element (g1, . . . , gn) with gcd(g1, . . . , gn) = 1. Then
there is a matrix A with integer entries, determinant 1, and ﬁrst row (g1, . . . , gn).
Every element of Zn is an integer linear combination of the rows of A. Thus Zn/H is
generated by the images of the other n− 1 rows of A, and the co-rank of H is strictly
less than n.
Theorem 10. Let H = {H1, . . . , Hk } be an irredundant subgroup n-cover. Then each Hj
is of co-rank strictly less than n.
Proof. Let H = {H1, . . . , Hk } be a subgroup n-cover, let some Hi have co-rank n, and
let g = (g1, . . . , gn) be any element of Hj . Let gcd(g1, . . . , gn) = d; by the previous
theorem, d > 1. Let g′ = (g1/d, . . . , gn/d). Then g′ cannot be in Hi , so it must be
in Hj for some j = i. But then g = dg′ is also in Hj . Thus, Hi is redundant. 
Corollary. Every irredundant subgroup 2-cover is a homogeneous 2-cover.
A proof of this appeared in a preliminary draft of [Sc], but not in the published
version.
Theorem 11. For every n  2 there is an irredundant subgroup n-cover containing
subgroups of co-rank n− 1.
Remark. Together with the corollary above, this proves Theorem 3.
Proof of Theoerm 11. Write x = (x1, . . . , xn) for the typical element of Zn. We
will prove, by induction on n, that for every n  2 there is an irredundant subgroup
n-cover Sn which contains the subgroup Hn given by
Hn = { x : x1 − 33x2 ≡ 0 (mod 144) } ∩ { x : x3 ≡ x4 ≡ · · · ≡ xn ≡ 0 (mod 2) } (31)
of index 9× 2n+2 in Zn, and no subgroup of index divisible by 2n+3. It is easily seen
that Hn has co-rank n− 1.
We write Kn = { x : x3 ≡ x4 ≡ · · · ≡ xn ≡ 0 (mod 2) }.
For n = 2, let S2 be the irredundant homogeneous 2-cover of Example 2, which
contains H2 = { x : x1 − 33x2 ≡ 0 (mod 144) } and no subgroup of index divisible
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by 32. For the induction step, we ﬁrst name some subgroups of Zn+1:
G1 = { x : x2 ≡ 0 (mod 2)},
G2 = { x : xn+1 ≡ 0 (mod 2)}, and
G3 = { x : x2 ≡ xn+1 (mod 2)}.
Note that Zn+1 = ∪31Gi . Let Fi = Hn ∩Gi for i = 1, 2, 3. Note that Hn = ∪31Fi and
that F2 = Hn+1. Finally, let
E1 = { x : x1 − 33x2 ≡ 0 (mod 16)} ∩Kn ∩G1,
E2 = { x : x1 − 33x2 ≡ 0 (mod 144)} ∩Kn ∩G2, and
E3 = { x : x1 − 33x2 ≡ 0 (mod 48)} ∩Kn ∩G3
and note that (1) Fi ⊂ Ei for i = 1, 2, 3, whence Hn ⊂ ∪31Ei , (2) E2 = Hn+1, and
(3) the numbers (Zn+1 : Ei), i = 1, 2, 3, are distinct and divisible by 2n+3. Thus if
we replace Hn in Sn with E1, E2, E3 we obtain a subgroup n + 1-cover Tn+1 which
contains Hn+1 and no subgroup of index divisible by 2n+4.
Now Tn+1 is not irredundant since E1 is contained in { x : x2 ≡ 0 (mod 2) }, which
is a member of S2 and thus of Sn and of Tn+1. Let Sn+1 be the cover obtained by
deleting E1 from Tn+1. Then we claim that Sn+1 is an irredundant subgroup n + 1-
cover. Let (a, b) be any ordered pair that satisﬁes x1 − 33x2 ≡ 0 (mod 144) and no
other member of S2. Then (a, b, 0, . . . , 0) is in E2 only, and (a, b, 0, . . . , 0, 1) is in
E3 only. Thus Sn+1 is an irredundant subgroup n+ 1-cover.
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